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Partial transposition being a non-physical operation so it is not possible to implement it in a laboratory. Thus,
we apply an alternative method known as structural physical approximation (SPA) of partial transposition to
estimate the optimal value of the singlet fraction of an arbitrary two qubit mixed state. By applying this method,
we have shown that optimal value of the singlet fraction can be estimated experimentally but this result can
be applied only on 2 ⊗ 2 dimensional system. Therefore, we derive an alternative criteria for the detection of
d⊗ d dimensional negative partial transpose (NPT) entangled state, which are useful in quantum teleportation.
The newly derived criteria are based on the maximum eigenvalue of the NPT entangled state, which is easier to
determine experimentally than to completely reconstruct the state via tomography. We then illustrate our criteria
by considering a class of qubit-qubit system and qutrit-qutrit system.
PACS numbers: 03.67.Hk, 03.67.-a
I. INTRODUCTION
Quantum teleportation is an important topic to study in
quantum information science. It plays a vital role in the de-
velopment of quantum information theory and quantum tech-
nologies [1, 2]. Bennett et.al. [3] have developed first pro-
tocol of quantum teleportation for two-qubit system. The de-
veloped protocol talks about the transfer of information con-
tained in a qubit from a sender (say, Alice) to a receiver (say,
Bob). To execute this protocol, an entangled state shared be-
tween Alice and Bob is needed. Once Alice and Bob shared an
entangled state between them, Alice perform two-qubit Bell-
state measurement on particles in her possession. Then she
communicate the measurement result to Bob by spending two
classical bits. The receiver Bob then reconstruct the quan-
tum state at his place by applying suitable unitary operation
such as I, σx, σy, σz on his qubit according to the measure-
ment outcome sent by the sender Alice.
The first protocol of quantum teleportation can be considered
as a basic protocol for other quantum schemes such as quan-
tum repeater [4], quantum gate teleportation [5], port-based
teleportation [6]. We should note that the most important
ingredient in quantum teleportation protocol is the resource
state, that is shared between two distant parties because it
would not be possible to realize quantum teleportation with-
out shared entangled state. In a realistic situation, it is not
possible to keep the shared entangled state in a pure form as
the particle has to interact with the environment. Thus, the
shared entangled state in general become a mixed entangled
state. In this context, the question may arise that whether the
generated mixed entangled state is useful as a resource state
in quantum teleportation? To answer this question, a quantity
known as singlet fraction has been defined [7]. It is defined
as the maximum overlap between the quantum state described
by the density operator ρ and a maximally entangled state in a
finite dimensional Hilbert space. The usefulness of the shared
entangled state between two distant partners in a teleportation
∗Electronic address: anumagarg˙phd2k18@dtu.ac.in, satyabrata@dtu.ac.in
protocol depends on the value of the singlet fraction. It also
characterize the nature of the quantum state in the sense that
if the given state is separable then the singlet fraction of the
given two-qubit mixed state is less than or equal to 12 [7]. In
another way, it can be stated as if the singlet fraction of an
arbitrary given state is greater than 12 then the state is entan-
gled. But the converse of the statement is not true. This means
that there exist two-qubit mixed entangled state whose singlet
fraction is less than or equal to 12 and hence not useful in quan-
tum teleportation. In this perspective, Badziag et.al. [8] have
shown that a dissipative interaction with the environment is
sufficient to improve the value of the singlet fraction. They
have presented a class of quantum state whose singlet fraction
is exactly equal to 12 before interaction with the environment
and have shown that after the interacting with the environ-
ment, the value of singlet fraction can be greater than 12 . Even
getting this result also, the question remains that whether in-
teraction with the environment increases the singlet fraction
of any two-qubit mixed states? The answer is in affirmative.
Verstraete et al. [9] have studied this problem and obtained
trace preserving LOCC that enhances the singlet fraction and
make its value greater than 12 for any two-qubit mixed entan-
gled state. They have derived a connection between the opti-
mal singlet fraction and partial transpose of a given state. The
established relation tells us that the two-qubit state is useful
as a resource state for teleportation if and only if the optimal
singlet fraction is greater than 12 .
Till now, we have discussed about the resource state useful in
teleportation in 2 ⊗ 2 dimensional system. We now continue
our discussion with higher dimensional system. Generally,
it has been proved that to teleport an arbitrary d-dimensional
pure state, only maximally entangled pure states in d ⊗ d is
required [10]. Zhao et.al [11] have derived the necessary and
sufficient conditions of faithful teleportation of an arbitrary d-
dimensional pure state with m× d and d× n dimensional en-
tangled resource. A general expression for the output state of
the quantum channel associated with the original teleportation
protocol with an arbitrary d ⊗ d dimensional mixed resource
state has been obtained in [12].
The first motivation of this work comes from the fact that since
partial transposition is a non-physical operation and cannot be
implemented in a laboratory so it would not be possible to
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2realize the Verstraete et.al. result [9] in an experiment. By
seeing this fact, we apply SPA on partial transposition of the
given state. Being SPA a completely positive map, we are able
to modify Verstraete et.al. result that can be implemented in
an experiment. The second motivation lies in another fact that
since it is very difficult to construct bipartite maximally entan-
gled state in higher dimension so it would not be an easy task
to get the experimentally estimated value of singlet fraction
of higher dimensional bipartite system. Thus, it is desirable to
establish another criteria for the detection of entangled state
useful in teleportation and that must be easy to implement in
experiment. Therefore, instead of singlet fraction if the crite-
rion be expressed in terms of the eigenvalue then it is easier
to determine it experimentally than to completely reconstruct
the state via tomography [13].
This paper is organized as follows: In section-II, we have
stated some preliminary result that will be needed in the later
sections. In section-III, we revisit Verstraete et.al. work and
modified their result in terms of SPA-PT of a given quantum
state. We then analyze the modified result. In section-IV, we
give the criterion for the detection of d⊗ d dimensional NPT
entangled resource state useful in quantum teleportation. The
criterion is expressed in terms of maximum eigenvalue of the
given quantum state under investigation. In section-V, we will
show that the criterion developed in section-IV may fail and
thus we provide another criterion based on Dembo’s bound.
Lastly, we conclude in section-VI.
II. PRELIMINARY RESULTS
Result-1: For any two Hermitian d × d matrices A and B,
we have [14, 15]
λmin(A)Tr(B) ≤ Tr(AB) ≤ λmax(A)Tr(B) (1)
where the eigenvalues of A are arranged as λmin = λ1 ≤
λ2 ≤ λ3 ≤ ....... ≤ λd = λmax.
Result-2: An arbitrary d⊗ d dimensional entangled quantum
state ρ is useful for quantum teleportation if [7]
Fmax(ρ) >
1
d
(2)
where Fmax(ρ) denote the singlet fraction of ρ and it is given
by [16]
Fmax(ρ) = maxUA,UB{F [ρ, (UA ⊗ UB)|φ+d 〉〈φ+d |
(U†A ⊗ U†B)]} (3)
where |φ+d 〉 = 1√d
∑d−1
i=0 |ii〉.
We should note that if ρ is an entangled state and Fmax(ρ) ≤
1
d then the state may or may not be useful for teleportation.
Result-3: In standard teleportation scheme, the relation be-
tween the singlet fraction of ρ in d ⊗ d dimensional Hilbert
space and maximal achievable teleportation fidelity f tel(ρ) is
given by [7]
f tel(ρ) =
dFmax(ρ) + 1
d+ 1
(4)
Result-4: Let us consider an arbitrary two qubit state de-
scribed by the density operator ρ12
ρ12 =
e11 e12 e13 e14e∗12 e22 e23 e24e∗13 e∗23 e33 e34
e∗14 e
∗
24 e
∗
34 e44
 , 4∑
i=1
eii = 1 (5)
where (∗) denotes the complex conjugate, then the structural
physical approximation (SPA) of partial transpose (PT) of ρ12
is given by [17]
ρ˜12 = [
1
3
(I ⊗ T˜ ) + 2
3
(Θ˜⊗D)]ρ12
=
E11 E12 E13 E14E∗12 E22 E23 E24E∗13 E∗23 E33 E34
E∗14 E
∗
24 E
∗
34 E44
 (6)
where
E11 =
1
9
(2 + e11), E12 =
1
9
e∗12, E13 =
1
9
e13,
E14 =
1
9
e23, E22 =
1
9
(2 + e22), E23 =
1
9
e14,
E24 =
1
9
e24, E33 =
1
9
(2 + e33), E34 =
1
9
e∗34,
E44 =
1
9
(2 + e44) (7)
T˜ and θ˜ denotes the SPA of transpose and inversion map re-
spectively and D(ρ) = I22 denote the polarization.
Result-5: The upper and lower bound of maximum eigen-
value are known as Dembo’s bound [18, 19] and it can be
stated as follows:
For any n ⊗ n Hermitian positive semi-definite operator Rn
with eigenvalues λ1 ≤ λ2 ≤ .....λn, Dembo’s bound is given
by
c+ η1
2
+
√
(c− η1)2
4
+ (b∗)T b ≤ λn(Rn)
≤ c+ ηn−1
2
+
√
(c− ηn−1)2
2
+ (b∗)T b (8)
where Rn =
(
Rn−1 b
(b∗)T c
)
, η1 is the lower bound on mini-
mal eigenvalue of Rn−1, ηn−1 is the upper bound on maxi-
mal eigenvalue of Rn−1 and b is a vector of dimension n− 1.
Result-6 [20]: LetA,B ∈Mn Hermitian matrices and let the
eigenvalues λi(A), λi(B) and λi(A + B) be arranged in an
increasing order. For each k = 1, 2, ...n, we have
λk(A) + λ1(B) ≤ λk(A+B) ≤ λk(A) + λn(B) (9)
where Mn denotes the set of n × n Hermitian matrices and
λ1(B), λn(B) denotes the minimum and maximum eigenval-
ues of B, respectively. In particular, for k = n, the inequality
(9) reduces to
λmax(A) + λmin(B) ≤ λmax(A+B) ≤ λmax(A) + λmax(B)(10)
3III. REVISITING MAXIMAL SINGLET FRACTION OF
MIXED TWO-QUBIT STATE
Verstraete et.al. [9] have derived the optimal trace-
preserving local operation together with classical communi-
cation and have shown that it optimally increases the singlet
fraction of a quantum state ρ12 and hence maximize its tele-
portation fidelity. They have studied the case of two-qubit sys-
tem and proved that if the state is entangled then it is always
possible to increase the singlet fraction above 12 and thus make
teleportation fidelity greater than 23 . Since their result is based
on the partial transposition operation so it is not possible to
realize it in the experimental set up. In this section, we revisit
their result and apply structural physical approximation (SPA)
of partial transposition. By doing this, the final expression
of the singlet fraction get modified and since SPA of partial
transposition is a completely positive map so the value of the
singlet fraction can be estimated experimentally. Moreover,
we find that in this case the value of the singlet fraction is not
always greater than 12 . Therefore, the result of this section
motivate us further to investigate for new teleportation criteria
that will be studied in the following section.
Let us start with the expression of optimal singlet fraction af-
ter LOCC for a two-qubit state ρ12. It is given by [9]
F optLOCC(ρ12) =
1
2
− Tr(XoptρΓ12) (11)
where without any loss of generality, we denote Γ as the par-
tial transposition with respect to the second subsystem, and
Xopt is described by a 4×4 matrix, which will be of rank one
and it is expressed in the form as
Xopt = (A⊗ I2)|ψ〉12〈ψ|(A† ⊗ I2) (12)
with |ψ〉12 = 1√2 (|00〉+ |11〉), A denote a filter described by
a 2× 2 matrix and I2 represent a 2× 2 identity matrix.
It is clear from equation (11) that if ρ12 is an entangled state
then F optLOCC(ρ12) always greater than
1
2 and hence one can
reach to the conclusion that every mixed two-qubit entangled
states are useful in teleportation. But the important point to
note here that the partial transposition Γ is not a completely
positive map so ρΓ12 is not a physically realizable operation.
Thus the value of F optLOCC(ρ12) cannot be realized in experi-
ment. To overcome this problem, we use SPA-PT of ρ12 and
re-express Tr(XoptρΓ12) given in (11) as [17]
Tr(XoptρΓ12) = 9Tr(X
optρ˜12)− 2 (13)
where ρ˜12 is the SPA-PT of ρ12.
Using (13), equation (11) can be re-expressed as
F optLOCC(ρ12) =
5
2
− 9Tr(Xoptρ˜12) (14)
Now it is possible to estimate the value of F optLOCC(ρ12) exper-
imentally but we have to pay cost in a way that the obtained
value of F optLOCC(ρ12) may not always greater than
1
2 . If it
may happen that Tr(Xoptρ˜12) < 29 then only F
opt
LOCC(ρ12) is
greater than 12 . This implies that if there exist state for which
Tr(Xoptρ˜12) ≥ 29 then F optLOCC(ρ12) ≤ 12 . To illustrate, let
us consider a two-qubit state described by the density operator
σ12 =
0 0 0 00 b f 00 f∗ d 0
0 0 0 e
 , b+ d+ e = 1 (15)
where ∗ denote the complex conjugation.
The density matrix σ12 has been studied by many authors in
different context [21]-[26]. The state σ12 is an entangled state
and its concurrence is given by [21, 22]
C(σ12) = 2|f | (16)
Using Result-4, we can obtain the SPA-PT of σ12 as
σ˜12 =

2
9 0 0
f
9
0 2+b9 0 0
0 0 2+d9 0
f∗
9 0 0
2+e
9
 (17)
Now if we consider the filter A of the form as
(
a 0
0 1
)
, 0 ≤
a ≤ 1, then Xopt is given by
Xopt =

a2
2 0 0
a
2
0 0 0 0
0 0 0 0
a
2 0 0
1
2
 (18)
The optimal singlet fraction of σ12 is given by
F optLOCC(σ12) =
5
2
− 9Tr(Xoptσ˜12) (19)
where Tr(Xoptσ˜12) is given by
Tr(Xoptσ˜12) =
2a2 + 2aRe(f) + 2 + e
18
(20)
The inequality 2a
2+2aRe(f)+2+e
18 ≥ 29 holds if the filtering
parameter a satisfies
−Re(f) +√Re(f)2 − 2e+ 4
2
≤ a (21)
Therefore, F optLOCC(σ12) is less than equal to
1
2 iff (21) holds.
Let us now consider a particular case where we can set the
values of the state parameter as: b = 0.2, d = 0.4, e = 0.4
and f = 0.25 + 0.1i. Using these values, the density matrix
given in (15) reduces to
σ
(1)
12 =
0 0 0 00 0.2 0.25 + 0.1i 00 0.25− 0.1i 0.4 0
0 0 0 0.4
 (22)
The SPA-PT of σ(1)12 is given by
σ˜
(1)
12 =

2
9 0 0
0.25+0.1i
9
0 2.29 0 0
0 0 2.49 0
0.25−0.1i
9 0 0
2.4
9
 (23)
4The value of Tr(Xoptσ˜(1)12 ) is given by
Tr(Xoptσ˜
(1)
12 ) =
2a2 + 0.5a+ 2.4
18
(24)
Thus, the optimal singlet fraction of σ(1)12 is given by
F optLOCC(σ
(1)
12 ) =
2.6− 2a2 − 0.5a
2
, 0.78 ≤ a ≤ 1 (25)
Figure-1 illustrate the fact that F optLOCC(σ
(1)
12 ) is always less
FIG. 1: Plot of optimal singlet fraction obtained after LOCC opera-
tion versus the filtering parameter a.
than equal to 12 .
This motivate us to investigate for new teleportation criteria
which may go beyond singlet fraction and identify not only
two-qubit entangled state but also higher dimensional NPT
entangled state, which may be useful in quantum teleporta-
tion. We will study this in the later sections.
IV. TELEPORTATION CRITERIA IN TERMS OF
MAXIMUM EIGENVALUE
In this section, we derive a criterion for the usefulness of
the shared d⊗d dimensional NPT entangled states in quantum
teleportation. In particular, for 2 ⊗ 2 dimensional entangled
states, the derived criterion may be useful in a situation when
singlet fraction calculated before sending a qubit through the
local environment is less than equal to 12 . This means that if
we don’t use local environment to increase the value of singlet
fraction even then our criterion can detect whether the shared
resource state is useful for teleportation or not.
Lemma-1: The maximum eigenvalue of an arbitrary d ⊗ d
dimensional quantum state ρ is always greater equal to singlet
fraction of ρ i.e. mathematically, it can be expressed as
λmax(ρ) ≥ Fmax(ρ) (26)
where λmax(ρ) denote the maximum eigenvalue of ρ.
Proof: Let us start with the definition of a singlet fraction
given in (3), which can be re-expressed as
Fmax(ρ) = maxUA,UBTr[ρ(UA ⊗ UB)|φ+d 〉〈φ+d |(U†A ⊗ U†B)]
= maxUA,UBTr[(U
†
A ⊗ U†B)ρ(UA ⊗ UB)|φ+d 〉〈φ+d |]
≤ {maxUA,UBλmax(UA ⊗ UB)ρ(U†A ⊗ U†B)}
{Tr[|φ+d 〉〈φ+d |]}
= maxUA,UBλmax(UA ⊗ UB)ρ(U†A ⊗ U†B)
= λmax(ρ) (27)
Hence proved.
The inequality in the third step is a consequence of the result-
1 and the last equality follows from a well known fact that the
two quantum states (UA ⊗UB)ρ(U†A ⊗U†B) and ρ have same
set of eigenvalues [27]. This result has already been achieved
in [28] but in different context.
Theorem-1: If λmax(ρ) denote the maximum eigenvalue of
d⊗ d dimensional quantum state ρ, then
1
d2
≤ λmax(ρ) ≤ 1 (28)
Proof: Let us consider a d ⊗ d dimensional quantum state ρ.
Therefore, the density matrix ρ has d2 eigenvalues and let they
are denoted by λ1, λ2,.........., λd2 . Using the properties of a
density matrix, we have
1 = Tr(ρ) =
d2∑
i=1
λi
≤ d2λmax(ρ) (29)
Hence proved.
Theorem-2: An arbitrary d ⊗ d dimensional mixed quantum
state ρ shared between two distant partners is separable if and
only if
λmax(ρ) ≤ 1
d
(30)
Proof: Let us consider the noisy singlet state of the form
ρp = p|φ+〉〈φ+|+ (1− p)I ⊗ I
d2
, 0 ≤ p ≤ 1 (31)
where |φ+〉 = 1√
d
∑d−1
i=0 |ii〉.
The upper bound of the maximum eigenvalue of ρp can be
obtained in the following way:
λmax(ρp) = λmax[p|φ+〉〈φ+|+ (1− p)I ⊗ I
d2
], 0 ≤ p ≤ 1
≤ pλmax(|φ+〉〈φ+|) + 1− p
d2
λmax(I ⊗ I)
= p+
1− p
d2
(32)
The inequality used in the second step is due to Result-6. Now,
since it is known that the state ρp is separable if and only if
0 ≤ p ≤ 1d+1 [29] so we can say that the state ρp is separa-
ble if and only if λmax(ρp) ≤ 1d . Again, we have two well
5known facts: (F1) Any mixed quantum state ρ can be trans-
formed into noisy singlet byU⊗U∗ twirling operation [7] and
(F2) Eigenvalues remain invariant under local unitaries [27].
Combining (F1), (F2) with λmax(ρp) ≤ 1d , we can conclude
in general that an arbitrary d ⊗ d dimensional mixed quan-
tum state ρ is separable if and only if λmax(ρ) ≤ 1d . Hence
proved.
Corollary-1: An arbitrary d ⊗ d dimensional NPT entangled
mixed state ρ shared between two distant partners is useful as
a resource state in quantum teleportation if
λmax(ρ) >
1
d
(33)
Proof: It can be shown that the Corollary-1 is indeed true by
applying directly Lemma-1 and Result-2.
Corollary-2: The upper bound of maximum achievable tele-
portation fidelity from a given bipartite state ρ in d⊗d dimen-
sional Hilbert space is given by
f tel(ρ) ≤ λmax(ρ)d+ 1
d+ 1
(34)
Proof: Lemma-1 and Result-3 proved the above corollary.
A. Example
We are now in a position to discuss few examples in which
our criterion detect entangled states useful in quantum tele-
portation while singlet fraction failed to do so. In this, we
have studied few quantum states for which singlet fraction and
maximum eigenvalue satisfies the inequality
Fmax(ρ) ≤ 1
d
< λmax(ρ) (35)
We should note that for the above quantum state ρ, interaction
with the environment is not taken into account.
Example-1: Let us consider a quantum state described by
the density matrix ρ1, which is given by [8]
ρ1 =

0 0 0 0
0 3−2
√
2
2
1−√2
2 0
0 1−
√
2
2
1
2 0
0 0 0
√
2− 1
 (36)
By partial transposition method, it can be easily verified that
the state ρ1 is an entangled state. Also it can be calculated
that the singlet fraction of ρ1 is 12 . Since F
max(ρ1) =
1
2 so it
can be concluded that the state ρ1 is not useful as a resource
state for teleportation. But it is known that all entangled two-
qubit mixed states are useful for teleportation. Hence, the
inference from singlet fraction that the state ρ1 is not use-
ful as a resource state for teleportation is not correct. Let us
now apply corollary-1 to detect whether the state ρ1 is useful
for teleportation. To this end, let us calculate the eigenvalues
of ρ1 and they are given by {0.5858,0.4142,0,0}. The maxi-
mum eigenvalue found out to be λmax(ρ1) = 0.5858. Since
λmax(ρ1) > 1/2 so we can conclude that the state ρ1 is useful
for teleportation.
Example-2: Let us take a quantum state from 3 ⊗ 3 dimen-
sional Hilbert space described by the density matrix ρ2
ρ2 =

1−a
2 0 0 0 0 0 0 0 −0.22
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 12 − a −0.22 0 0 0
0 0 0 0 −0.22 a 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
−0.22 0 0 0 0 0 0 0 a2

(37)
where 0.35 ≤ a ≤ 0.369.
It can be easily verified that the state ρ2 is negative partial
transpose entangled state. Next, let us calculate the singlet
fraction of ρ2. To do this, we need maximally entangled basis
states in 3 ⊗ 3 dimensional Hilbert space. The maximally
entangled basis for two-qutrit system is given by [30]
|B0〉 = 1√
3
[|00〉+ |22〉 − eipi3 |11〉]
|B1〉 = 1√
3
[|01〉+ |20〉 − eipi3 |12〉]
|B2〉 = 1√
3
[|02〉+ |21〉 − eipi3 |10〉]
|B3〉 = 1√
3
[|11〉+ |00〉 − eipi3 |22〉]
|B4〉 = 1√
3
[|12〉+ |01〉 − eipi3 |20〉]
|B5〉 = 1√
3
[|10〉+ |02〉 − eipi3 |21〉]
|B6〉 = 1√
3
[|11〉+ |22〉 − eipi3 |00〉]
|B7〉 = 1√
3
[|20〉+ |12〉 − eipi3 |01〉]
|B8〉 = 1√
3
[|21〉+ |10〉 − eipi3 |02〉] (38)
Then the singlet fraction of ρ2 can be calculated using the
maximally entangled basis (38) as
Fmax(ρ2) = maxBi〈Bi|ρ2|Bi〉, i = 0, 1, ...., 8
=
1.22− a
3
(39)
Figure-2 shows that Fmax(ρ2) decreases as the state param-
eter a increases. The singlet fraction Fmax(ρ2) is always
less than 13 when the state parameter a lying in the interval
[0.35,0.369]. Therefore, the state described by the density op-
erator ρ2 is not useful in quantum teleportation according to
singlet fraction criterion.
Let us now calculate the eigenvalues of ρ2. The maximum
eigenvalue of ρ2 is given by
λmax(ρ2) =
1
4
+
1
2
√
0.4436− 2a+ 4a2,
0.35 ≤ a ≤ 0.369 (40)
6FIG. 2: Plot of singlet fraction (Fmax(ρ2)) versus the state parame-
ter a.
We have shown in Figure-3 that λmax(ρ2) is always greater
than 13 when a ∈ [0.35, 0.369]. Thus, our criterion detect that
the state ρ2 is useful in quantum teleportation.
FIG. 3: Plot of maximum eigenvalue (λmax(ρ2)) versus the state
parameter a.
V. TELEPORTATION CRITERIA IN TERMS OF UPPER
BOUND OF THE MAXIMUM EIGENVALUE IN DEMBO’S
BOUND
In this section, we will study those cases where maximum
eigenvalue criterion for teleportation fails i.e. the case where
maximum eigenvalue of a given quantum state satisfies the
inequality
λmax(ρ) ≤ 1
d
(41)
To start with, let us consider the upper bound of maximal
eigenvalue of the d ⊗ d dimensional quantum state ρ under
investigation. The upper bound may be denoted as λDmax(ρ)
and it is given by R.H.S of the inequality (8)
λDmax(ρ) =
c+ ηd2−1
2
+
√
(c− ηd2−1)2
2
+ b∗b (42)
where Rd2 =
(
Rd2−1 b
(b∗)T c
)
, η1 is the lower bound on minimal
eigenvalue of Rd2−1, ηd2−1 is the upper bound on maximal
eigenvalue of Rd2−1 and b is a vector of dimension d2 − 1.
Theorem-3: An arbitrary d ⊗ d dimensional mixed quantum
state ρ is separable if and only if
λDmax(ρ) ≤
1
d
(43)
Corollary-3: An arbitrary d⊗ d dimensional mixed NPT en-
tangled state ρ shared between two distant partners is useful
as a resource state in quantum teleportation if
λDmax(ρ) >
1
d
(44)
Example-1: Let us consider a qutrit-qutrit system described
by the density operator
ρ3 =

a
2 0 0 0 0 0 0 0 0.015
0 a2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1−a2 0
0.015 0 0 0 0 0 0 0 1−a2

, 0.5 ≤ a ≤ 0.65(45)
Eigenvalues of ρ3 are given by: 0, 0, 0, 0, 0, 1−a2 ,
a
2 , 0.125(2−√
16a2 − 16a+ 4.0144), 0.125(2+√16a2 − 16a+ 4.0144).
The maximum eigenvalue is given by λmax(ρ3) = 0.125(2 +√
16a2 − 16a+ 4.0144). It can be verified by partial trans-
position method that the state ρ3 is indeed an entangled state.
But the question is whether the state ρ3 is useful in quan-
tum teleportation. To probe this, we calculate the value of
λmax(ρ3) and find that λmax(ρ3) ≤ 13 When 0.5 ≤ a ≤ 0.65.
Therefore using theorem-2, we can say that our criterion fails
to detect whether the state ρ3 is useful in teleportation.
It motivate us to search for maximal bound of maximum
eigenvalue that can be greater than 1d for d ⊗ d dimensional
system.
The maximal bound of maximum eigenvalue of d⊗ d dimen-
sional density matrix is given by Dembo’s bound (8) and it
is given by λDmax(ρ). For the 9 × 9 order density matrix ρ3,
we have c = 0.1750, (b∗)T =
(
0.015 0 0 0 0 0 0 0
)
and η8 = 0.325. Using the above values, we find that
λDmax(ρ3) = 0.357. Thus using corollary-3, we are able to
show that the state ρ3 is useful in teleportation.
Example-2: We will now give example of qutrit-qutrit system
where corollary-3 fails. Let us consider the qutrit-qutrit NPT
entangled state, which is given by the density matrix [31]
ρα =
2
7
|φ+3 〉〈φ+3 |+
α
7
σ+ +
5− α
7
σ−, 4 < α ≤ 5 (46)
7where |φ+3 〉 = 1√3
∑2
i=0 |ii〉, σ+ = 13 (|01〉〈01| +
|12〉〈12| + |20〉〈20|), σ− = 13 (|10〉〈10| + |21〉〈21| +
|02〉〈02|). For the density matrix ρα, we have c = 221 ,
(b∗)T=
(
2
21 0 0 0
2
21 0 0 0
)
and η8 = 521 . In this case,
λDmax(ρα) = 0.3135, which is less than
1
3 . Therefore,
λDmax(ρα) fail to overtake the value
1
3 and thus our criterion
fails.
VI. CONCLUSION
To summarize, we have modified the relationship between
the optimal singlet fraction and partial transpose of a given
state. The modification is required because partial transposi-
tion is a non-physical operation and thus it cannot be imple-
mented in the laboratory. We use SPA-PT method to over-
come this difficulty and have shown that the modified value
of optimal singlet fraction can be estimated in an experiment.
Further, we have proposed two criteria based on maximum
eigenvalue of the given state and have studied our criteria
for the detection of d ⊗ d dimensional NPT entangled states
useful in quantum teleportation in the given two cases: (i)
Fmax(ρ) ≤ 1d < λmax(ρ) or (ii) λmax(ρ) ≤ 1d < λDmax(ρ).
Our criteria can be realized in an experiment because maxi-
mum eigenvalue can be estimated experimentally [13].
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